In this article we study Lie superalgebras graded by the root systems P (n) and Q(n).
Introduction

I
n ref. 1 Berman and Moody initiated the study of Lie algebras graded by a finite root system. Let G be a finite dimensional split simple Lie algebra over a field F of characteristic zero and have a root space decomposition GϭH Q ␣ʦ⌬ G ␣ relative to a split Cartan subalgebra H. Definition 1.1: A Lie algebra L over F is graded by the root system
The motivation for the study of this class of algebras comes from the intersection matrix algebras of Slodowy (see ref.
2) and the extended affine Lie algebras (see ref.
3) that are graded by a finite root system.
Examples:
1. Let R be an associative unital F algebra, and let gl n (R) be the Lie algebra of all n ϫ n matrices over R with the commutator product.
The subalgebra e n (R) of gl n (R) generated by the elements e ij (a), 1 Յ i j Յ n, a ʦ R is graded by the root system A nϪ1 . For n ϭ 2 one has to consider a Steinberg algebra (see ref. 1) st 2 (R) where the algebra R may be assumed to be alternative (see refs. 4 and 5). 2. Let R be an associative commutative unital algebra, and let G be the split simple Lie algebra with the root system ⌬. Then G R F R is a ⌬-graded algebra. 3. Generalized Tits constructions (see refs. 6 and 7) involving the split octonion algebra and the exceptional 27-dimensional split Jordan algebra (see ref. 4) are G 2 -and F 4 -graded, respectively.
It is appropriate to study root-graded Lie algebras up to central isogeny. Any perfect Lie algebra L has a universal central extension that is also perfect called a universal covering algebra of L (see ref. 8 ). We denote it as L. Definition 1.2: Two perfect Lie algebras L 1 and L 2 are said to be centrally isogenous if L 1 Ӎ L 2 .
In ref. 1 Berman and Moody proved that an arbitrary A n -graded algebra (n Ն 2) is centrally isogenous with st nϩ1 (R) for some associative (for n ϭ 2 alternative) algebra R. For other simply laced root systems ⌬ ϭ D n , n Ն 4, E 6 , E 7 , E 8 a ⌬-graded algebra is centrally isogenous with G R F R, where R is an associative commutative algebra. Root-graded Lie algebras for nonsimply laced root systems were classified in ref. 7 (for more Jordan approach to C n , B n see also ref. 9) . Remark that the classification of root-graded algebras in refs. 1 and 7 led to a complete description of intersection matrix algebras. In refs. 10-12 Benkart and Elduque extended the theory discussed above to Lie superalgebras and completely determined root-graded Lie superalgebras for all finite dimensional split simple classical superalgebras except P(n), Q(n), and A(n, n) (for notation and results on Lie superalgebras see ref. 13) .
Let G be a finite dimensional split simple classical Lie superalgebra with even part G 0 . Let H be a Cartan subalgebra of G 0 , and let G ϭ H ϩ ͚ ␣ʦ⌬ 0 G 0 ␣ ϩ ͚ ␤ʦ⌬ 1 G 1 ␤ be the decomposition of G into the sum of eigenspaces with respect to the action of H, ⌬ ϭ ⌬ 0 ഫ ⌬ 1 . In this article we discuss Lie superalgebras graded by the root systems of the superalgebras P(n), Q(n), n Ն 2.
Recall that the Lie superalgebra Q͑n͒ is the superalgebra of 2(n ϩ 1) ϫ 2(n ϩ 1) matrices of the type (   a  b  b a ), where a, b are (n ϩ 1) ϫ (n ϩ 1) matrices, tr͑b͒ ϭ 0, and Q͑n͒ ϭ Q͑n͒/FI 2͑nϩ1͒ . The superalgebra Q (n) is the universal central extension of Q(n).
The Lie superalgebra P(n Ϫ 1) is the superalgebra of 2n ϫ 2n matrices of the type (
n a i ϭ 0}. The even and odd roots are
Thus P(n) is graded by the free abelian group ¥ iϭ1 n ‫ޚ‬w i /‫(ޚ‬w 1 ϩ⅐ ⅐ ⅐ϩw n ). Let's fix the notation for the following weight elements:
For n 3 the universal covering superalgebra of P(n) is P(n). However, P(3) has a unique nontrivial universal central extension P͑3͒ ϭ P(3) ϩ F¢ with ͗q w 1 ϩw 2 , q w 3 ϩw 4 ͘ ϭ ¢.
Keeping in mind the intersection matrix superalgebras and our focus on subspaces of nonzero weight, we will modify part i of Definition 1.3, allowing the superalgebra to contain a central extension of G instead of G Let GЈ be a central extension of G; that is, GЈ ϭ ͗GЈ, GЈ͘, and there exists an epimorphism : GЈ 3 G such that Ker ʕ Center(GЈ). It follows from the classification (see ref. 13 ) that if a classical simple Lie superalgebra G has a nontrivial central extension GЈ, then G 0 is semisimple; hence G 0 is a direct summand of GЈ 0 . We will consider the root decomposition of L with respect to the Cartan subalgebra of the ideal G 0 of GЈ 0 . Definition 1.4: A Lie superalgebra L over F is graded by the root system ⌬ if The Lie algebra of skew-symmetric 4 ϫ 4 matrices K 4 (F) is a direct sum of two ideals K 4 (F) ϭ sl 2 (F) Q sl 2 (F). For an arbitrary element k ʦ K 4 (F) we consider its decomposition k ϭ kЈ ϩ kЉ and let (k) ϭ kЈ Ϫ kЉ.
The universal central extension P͑3͒ of P(3) can be realized as a superalgebra of 8 ϫ 8 matrices over
where a, k, h are 4 ϫ 4 matrices over F, Tra ϭ 0, k T ϭ Ϫk, h T ϭ h, ␣ ʦ F, and I is the identity matrix. The superalgebra
is a subsuperalgebra of 8 ϫ 8 matrices over W generated by P͑3͒ and by all matrices ( 
Theorem 1.2. A P(3)-graded Lie superalgebra is centrally isogenous with CK(R, d), where R is an associative commutative superalgebra, and d : R 3 R is an even derivation. The superalgebra CK(R, d) is centrally closed; that is, CK(R, d) Ӎ CK(R, d).
Remark: If a Lie superalgebra L is P(3)-graded in the sense of Definition 1.3, then L Ӎ P(3) R F R,
Jordan Systems
Consider a system of vector spaces J ϭ (J ␣ , ␣ ʦ ⌬) with transformations ␣,␤ : J ␣ R J ␤ 3 J ␣ϩ␤ whenever ␣, ␤, ␣ ϩ ␤ ʦ ⌬, and ␣,Ϫ␣,␤ :
The trilinear operations ␣,Ϫ␣,␤ give rise to the mappings ␣,Ϫ␣ :
We call this system a Jordan system (see refs. 7 and 18) if the direct sum
where
, becomes a Lie algebra with respect to the operation:
A homomorphism between two Jordan systems,
which preserves the bilinear and the trilinear operations.
Every
In ref. 7 it was shown that two ⌬-graded Lie algebras L ϭ ͚ ␣ʦ⌬ഫ{0} L ␣ and LЈ ϭ ͚ ␣ʦ⌬ഫ{0} LЈ ␣ are centrally isogenous if and only if the Jordan systems (L ␣ , ␣ ʦ ⌬) and (LЈ ␣ , ␣ ʦ ⌬) are isomorphic.
Everything that we said about Jordan systems and their connections with ⌬-graded Lie algebras obviously extends to superalgebras.
Then f is a homomorphism of Jordan supersystems.
A n؊1 -Graded Superalgebras
Let e ij , 1 Յ i j Յ n denote the matrix units from sl n (F). Berman and Moody (see ref. 1) proved that there exists a unital algebra R such that the Jordan system (L ␣ , ␣ ʦ ⌬) is isomorphic to the Jordan system (X ij (R), 1 Յ i j Յ n) of the Steinberg Lie algebra st n (R). If n Ն 4, then the algebra R is associative. For n ϭ 3, R has to be alternative. It is proved in ref. 19 that the maps R 3 X ij (R) are injective.
Moreover, there exists an isomorphism
If the algebra R is associative, in particular if n Ն 4, then st n (R) is the universal central extension of the Lie algebra sl n (R) generated by the matrices e ij (a), 1 Յ i j Յ n, a ʦ R. Following the Berman-Moody proof (verbatim) we get the following.
Let us show that if there is ʦ R 1 with
Hence the subsuperalgebra of L generated by the subspaces
We will show that there exists ʦ R 1 with 2 ϭ 1. Let : 
Suppose that 
P(n ؊ 1)-Graded Superalgebras: Associativity and Commutativity of R
is the Lie superalgebra graded by A nϪ1 . By Lemma 3.1 there exists a superalgebra R ϭ R 0 ϩ R 1 and an isomorphism ⌿ : (X ij (R),
The superalgebra L contains a central extension of the superalgebra P(n Ϫ1). If n 4, then
or its universal central extension P͑3͒. Recall that P͑3͒ ϭ P͑3͒ ϩ F¢. The elements h w i Ϫw j , e w i Ϫw j , q Ϫw i Ϫw j , q w i ϩw j are multiplied as in P(3) except for ͗q w (1) ϩw (2) , q w (3) ϩw (4) ͘ ϭ (sgn)¢, ʦ S 4 . The element ¢ lies in the center. Hence
Lemma 4.6. 
The definition above does not depend on the choice of k. In other words, if 1 Յ t Յ n, t i, j, then
which proves the assertion. Lemmas 2.1, 4.2-4.5, 4.7, and 4.9-4.11 imply that the Jordan supersystems (L ␣ , ␣ ʦ ⌬) and (P(n) ␣ R F R, ␣ ʦ ⌬) are isomorphic. Hence L is centrally isogenous with P(n) R F R. From Proposition 6.1 (which will be proved later) it follows that L Ӎ P(n) R F R, and Theorem 1.1 is proved. (2) be the decomposition of L into the sum of eigenspaces with respect to ad(h). It is known (see ref. 6) that L (2) with the new operation x⅐y ϭ ͗͗x, f͘, y͘ becomes a Jordan superalgebra (see refs. 13 and 16).
Cheng-Kac Superalgebras
The Lie superalgebra L is centrally isogenous with the Tits-Kantor-Koecher construction of this Jordan superalgebra (see refs. 6, 20, and 21).
In ref. 13 it is shown that the subsuperalgebra (G (2) , ⅐) of J ϭ (L (2) , ⅐) is isomorphic to the Jordan superalgebra
The Jordan superalgebra JP(2) has a basis 1,
The subspace E ϭ e w 1 Ϫw 3 (R) ϩ e w 1 Ϫw 4 (R) ϩ e w 2 Ϫw 3 (R) ϩ e w 2 Ϫw 4 (R) is a subsuperalgebra of J, which is isomorphic to M 2 (R) (ϩ) (recall that R is an associative commutative superalgebra).
Lemma 5.1. The superalgebra J is generated by JP (2) and E. Consider the following two commuting linear transformations on J: R( 3 ) the right multiplication by 3 and the inner derivation
The superalgebra JP(2) decomposes into a sum of eigenspaces with respect to R( 3 ), D( 1 , 2 ), the weights being (0, 0), (Ϯ ͌ Ϫ1, 0),
We say that an element a belongs to the weight (␣, ␤) if aR( 3 ) ϭ ␣a, aD( 1 , 2 ) ϭ ␤a. The corresponding weight space is denoted as J (␣,␤) .
The superalgebra J also decomposes into a sum of eigenspaces with respect to R( 3 ), D( 1 , 2 ) with the same weights. We have just changed a Cartan subalgebra in [G 0 ,G 0 ]. 
Proof: As stated above, it is sufficient to prove the assertion for i ϭ 1. We have
Hence we need only to check that (R 
which implies the result and proves Lemma 5.10. 
Clearly, (ax) 1 ϭ 0. Now,
and
Finally,
Lemma 5.14 is proved. 
Universal Central Extensions
Let L be a ⌬-graded Lie superalgebra, L ʛ GЈ a central extension of a finite dimensional simple classical Lie superalgebra corresponding to the root system ⌬, H a Cartan subalgebra in ͗G 0 Fz ij is a finite dimensional preimage of GЈ. We have GЉ 3 GЈ 3 G, and the kernel of each of these homomorphisms is central. Choose a Cartan subalgebra HЈ in the Levi factor of GЉ 0 . It is easy to see that L is a sum of eigenspaces L ϭ ͚ ␣ʦ⌬ഫ{0} L ␣ with respect to the action of HЈ. If H ϭ (HЈ), then is a graded epimorphism, and the mapping of the Jordan systems (L ␣ , ␣ ʦ ⌬) 3 (L ␣ , ␣ ʦ ⌬) is an isomorphism. The finite dimensional perfect superalgebra ¥ ␣ʦ⌬ GЉ ␣ ϩ¥ ␣ʦ⌬ ͗GЉ Ϫ␣ , GЉ ␣ ͘ is a central extension of G. We proved that L is a ⌬-graded Lie superalgebra. Throughout this section we will assume that ⌬ ϭ P(n Ϫ 1), n Ն 3, and keep the notation of section 2. In particular, the Jordan system (L ␣ , ␣ ʦ ⌬ 0 ) is isomorphic to the Jordan system (e ij (R), 1 Յ i j Յ n). Denote Sϭ¥ iϭ2 n ͗q Ϫw i Ϫw 1 (R), q w i ϩw 1 ͘ ʕ L . 
